Abstract. Let F n be a free group of rank n with basis x 1 , x 2 , . . . , x n . We denote by S n the subgroup of the automorphism group of F n consisting of automorphisms which fix each of x 2 , . . . , x n and call it the McCool stabilizer subgroup. Let IS n be a subgroup of S n consisting of automorphisms which induce the identity on the abelianization of F n . In this paper, we determine the group structure of the lower central series of IS n and its graded quotients. Then we show that the Johnson filtration of S n coincides with the lower central series of IS n .
Introduction
For n ≥ 2, let F n be a free group of rank n with basis x 1 , x 2 , . . . , x n and F n = Γ n (1), Γ n (2), . . . its lower central series. We denote by Aut F n the group of automorphisms of F n . For each k ≥ 0, let A n (k) be the group of automorphisms of F n which induce the identity on the nilpotent quotient group F n /Γ n (k + 1). The group A n (1) is called the IA-automorphism group and is also denoted by IA n . Then we have a descending filtration Aut F n = A n (0) ⊃ A n (1) ⊃ A n (2) ⊃ · · · of Aut F n , called the Johnson filtration of Aut F n . The Johnson filtration of Aut F n was originally introduced in 1963 through the remarkable pioneer work by Andreadakis [1] , who showed that A n (1), A n (2), . . . is a descending central series of A n (1) and that for each k ≥ 1 the graded quotient gr k (A n ) := A n (k)/A n (k + 1) is a free abelian group of finite rank. In general, determining the structure of gr k (A n ) plays an important role on the study of the algebraic structure of Aut F n . For 1 ≤ k ≤ 3, the rank of gr k (A n ) has been determined. Andreadakis [1] computed the rank of gr 1 (A n ). Moreover, by independent works of Cohen-Pakianathan [4, 5] , Farb [6] and Kawazumi [10] , it is known that gr 1 (A n ) is isomorphic to the abelianization of IA n . For k = 2 and 3, the rank of gr k (A n ) is determined by Pettet [19] and Satoh [21] respectively. For k ≥ 4, however, it seems that there are few results for the structure of gr k (A n ). In the study of the Johnson filtration of Aut F n , it would also be interesting to determine whether A n (1), A n (2), . . . coincides with the lower central series A n (1), A n (2), . . . of A n (1) or not. Andreadakis [1] showed that A 2 (k) = A 2 (k) and A 3 (3) = A 3 (3) . From the results due to Cohen-Pakianathan [4, 5] , Farb [6] and Kawazumi [10] , we have A n (2) = A n (2) for n ≥ 3. Furthermore, Pettet [19] obtained that A n (3) has finite index in A n (3). Now it is conjectured by Andreadakis that A n (k) = A n (k) for any n ≥ 3 and k ≥ 3.
In this paper, we give an affirmative answer to the problem above for a certain subgroup of Aut F n . Let S n be the subgroup of Aut F n consisting of automorphisms which fix each of x 2 , . . . , x n . We call S n the McCool stabilizer subgroup of Aut F n . Let IS n be the subgroup of S n consisting of automorphisms which induce the identity on the abelianization of F n . The groups S n and IS n were first studied by McCool. He [14] gave a finite presentation of S n and showed that IS n is not finitely presentable. Furthermore, he [14] also gave an infinite presentation of IS n . Set S n (k) := A n (k) ∩ S n for each k ≥ 0. Then S n (0) = S n and S n (1) = IS n . We call a descending central filtration
the Johnson filtration of S n . On the other hand, we also consider the lower central series of IS n , denoted by S n (1), S n (2), . . .. Since the Johnson filtration is central, we see S n (k) ⊂ S n (k) in general. The main theorem of the paper is
In order to show this, we study the group structure of the lower central series S n (k). Let F be a subgroup of F n generated by x 2 , . . . , x n . The group F is a free group of rank n − 1. Let Γ F (1), Γ F (2), . . . be the lower central series of F . In Section 3, we show that S n (k) is isomorphic to the semidirect product
(See Lemma 3.1.) We remark that McCool [14] showed this in the case where k = 1. Set gr k (S n ) := S n (k)/S n (k + 1) and gr k (S n ) := S n (k)/S n (k + 1) for each k ≥ 1. Then, using the fact above, we obtain
where
Here we remark that each of r n (k) has been determined by Witt [22] . (See Subsection 2.3 for details.)
In general, it is also not determined whether each subgroup A n (k) of the Johnson filtration of Aut F n is finitely genrated or not. It is still a difficult open problem. It is, however, easily seen that for any n ≥ 3 and k ≥ 2, the group S n (k) is not finitely generated. More precisely, from (1) and Corollary 1, we have
This paper consists of five sections. In Section 2, we recall the IA-automorphism group and the Johnson filtration of the automorphism group of a free group. In Section 3, we study the McCool stabilizer subgroup. In Section 4, we show that the Johnson filtration of S n coincides with its lower central series of IS n .
Preliminaries
In this section, we recall the definition and some properties of the IAautomorphism group and of the Johnson homomorphisms of the automorphism group of a free group.
2.1. Notation. Throughout the paper, we use the following notation and conventions. Let G be a group and N a normal subgroup of G.
• The abelianization of G is denoted by G ab .
• The group automorphism group Aut G of G acts on G from the right. For any σ ∈ Aut G and x ∈ G, the action of σ on x is denoted by x σ .
• For an element g ∈ G, we also denote the coset class of g by g ∈ G/N without any confusion.
• For elements x and y of G, the commutator bracket [x, y] of x and y is defined to be [x, y] := xyx
IA-automorphism group.
For n ≥ 2, let F n be a free group of rank n with basis x 1 , . . . , x n . We denote the abelianization of F n by H and its dual group by H * := Hom Z (H, Z). Let ρ : Aut F n → Aut H be the natural homomorphism induced from the abelianization of F n . In this paper we identify Aut H with the general linear group GL(n, Z) by fixing the basis of H as a free abelian group induced from the basis x 1 , . . . , x n of F n . The kernel IA n of ρ is called the IAautomorphism group of F n . It is known due to Nielsen [18] that IA 2 coincides with the inner automorphism group Inn F 2 of F 2 . Namely, IA 2 is a free group of rank 2. However, IA n for n ≥ 3 is much larger than the inner automorphism group Inn F n . Indeed, Magnus [12] showed that for any n ≥ 3, IA n is finitely generated by automorphisms
for distinct i, j ∈ {1, 2, . . . , n} and
For any n ≥ 3, although a generating set of IA n is obtained as mentioned above, any presentation of IA n is still not known. For n = 3, Krstić and McCool [11] showed that IA 3 is not finitely presentable. For n ≥ 4, it is not known whether IA n is finitely presentable or not. Recently, Cohen-Pakianathan [4, 5] , Farb [6] and Kawazumi [10] independently showed
as a GL(n, Z)-module.
Free Lie algebras.
In this subsection we recall the free Lie algebra. Let Γ n (1) ⊃ Γ n (2) ⊃ · · · be the lower central series of a free group F n defined by the rule
We denote by L n (k) := Γ n (k)/Γ n (k + 1) the graded quotient of the lower central series of F n and by L n := k≥1 L n (k) the associated graded sum. Since the group Aut F n naturally acts on L n (k) for each k ≥ 1 and since IA n acts on it trivially, the action of GL(n, Z) on each L n (k) is well-defined. Furthermore, the graded sum L n naturally has a graded Lie algebra structure induced from the commutator bracket on F n and is called the free Lie algebra generated by H. (See [20] for basic material concerning free Lie algebras.) It is classically well known due to Witt [22] that each L n (k) is a GL(n, Z)-equivariant free abelian group of rank
where μ is the Möbius function. For example, the GL(n, Z)-module structure of
Next, we consider an embedding of the free Lie algebra into the tensor algebra. Let T (H) be the tensor algebra of H over Z. Then T (H) is the universal enveloping algebra of the free Lie algebra L n , and the natural map ι :
is an injective graded Lie algebra homomorphism. We denote by ι k the homomorphism of degree k part of ι and consider L n (k) as a submodule H ⊗k through ι k . Now, we consider a Lie subalgebra of L n generated by x 2 , . . . , x n . Let F be a subgroup of F n generated by x 2 , x 3 , . . . , x n . The group F is a free group of rank n − 1. We denote the lower central series of
also has a graded Lie algebra structure. By the elimination theorem of free Lie algebras, we see that
Johnson filtration.
In this subsection, we recall the Johnson filtration of Aut F n . For k ≥ 0, the action of Aut F n on each nilpotent quotient F n /Γ n (k + 1) induces a homomorphism Aut F n → Aut(F n /Γ n (k + 1)).
We denote the kernel of the homomorphism above by A n (k). Then the groups A n (k) define a descending central filtration
of Aut F n , with A n (1) = IA n . We call it the Johnson filtration of Aut F n . For each k ≥ 1, the group Aut F n acts on A n (k) by conjugation, and it naturally induces an action of GL(n, Z) on gr k (A n ) := A n (k)/A n (k + 1). The graded sum gr(A n ) := k≥1 gr k (A n ) has a graded Lie algebra structure induced from the commutator bracket on IA n .
In order to study the graded quotients gr k (A n ), the Johnson homomorphisms are used. For each k ≥ 1, define a homomorphism
Then the kernel of this homomorphism is just A n (k + 1). Hence it induces an injective homomorphism
The homomorphism τ k is called the k-th Johnson homomorphism of Aut F n . Historically, the study of the Johnson homomorphisms was begun in 1980 by D. Johnson [8] . He studied the Johnson homomorphism of a mapping class group of a closed oriented surface and determined the abelianization of the Torelli group. (See [9] .) There is a broad range of remarkable results for the Johnson homomorphisms of a mapping class group. (For example, see [7] and [15] , [16] , [17] .)
In general, since τ k is injective, to determine the image (or equivalently, the cokernel) of τ k is an important problem in the study of the structure of gr k (A n ). In this paper, we use the Johnson homomorphism only in the proof of Theorem 4.1.
McCool stabilizer subgroup
Here we consider the McCool stabilizer subgroup. In the following, we assume n ≥ 3. Let S n be the subgroup of Aut F n consisting of automorphisms which fix each of x 2 , . . . , x n . We call S n the McCool stabilizer subgroup. We denote the intersection of S n with IA n by IS n . McCool [14] showed that IS n is finitely generated but not finitely presentable. He [14] also gave an infinite presentation of IS n .
For any i ∈ {2, . . . , n}, let v i be the automorphism of F n which sends x 1 to x 1 x i and fix the other generators x t . The subgroup V of Aut F n generated by all v i is a free group of rank n − 1. The subgroup W of IA n generated by all K 1i is also a free group of rank n − 1. Then McCool [14] showed that IS n is a semidirect product of [V, V ] by W . Namely, we have a split group extension
Furthermore, in [14] he showed that [V, V ] is the normal closure of {K 1ij | i > j} in IS n , and IS n is generated by K 1i and K 1ij . Thus, considering a homomorphism
In this paper, we consider the Johnson filtration of Aut F n restricted to S n . Namely, set S n (k) := A n (k)∩S n for each k ≥ 0. Then S n (0) = S n and S n (1) = IS n . We call a descending central filtration
. We denote by τ S k the restriction of the Johnson homomorphism τ k to gr k (S n ) ⊂ gr k (A n ) and call it the Johnson homomorphism of S n .
Let S n (1) ⊃ S n (2) ⊃ · · · be the lower central series of IS n = S n (1). Clearly, we have S n (k) ⊂ S n (k) for each k ≥ 1. Here we determine the group structure of S n (k). To do this, we prepare some notation. For any x ∈ F , let v x be an automorphism of F n which maps x 1 to x 1 x and fixes the other generators x t . Then a map ψ V : F → V defined by ψ V (x) := v x is an isomorphism. Similarly, for any y ∈ F , let w y be an automorphism of F n which maps x 1 to y −1 x 1 y and fixes the other generators x t . Then a map ψ W : F → W defined by ψ W (y) := w y is also an isomorphism. We denote the lower central series of V and W by Γ V (k) and Γ W (k) respectively. Then we have
Proof. It is easily seen that
for each k ≥ 1. We leave proofs of them to the reader as exercises. Hence it suffices to show that S n (k) = Γ V (k + 1)Γ W (k). We prove this by induction on k. It is clear for k = 1 by (4). Suppose k ≥ 2. By the inductive hypothesis, we have
. It suffices to show that for any σ ∈ S n (k − 1) and
and y ∈ Γ F (1). Then we have
Therefore it suffices to show that
Hence we obtain
This completes the proof of Lemma 3.1.
From Lemma 3.1, we see that σ ∈ S n (k) if and only if
for some x ∈ Γ F (k + 1) and y ∈ Γ F (k). Furthermore, for any v x ∈ Γ V (k + 1) and w y ∈ Γ W (k) for x ∈ Γ F (k + 1) and y ∈ Γ F (k), we have
). Using Lemma 3.1, we can determine the group structure of the graded quotients of the lower central series S n (k). Set gr (6) , this map is a homomorphism whose kernel is exactly Γ V (k + 2) Γ W (k + 1). Hence we obtain Proposition 3.1.
As a corollary, we have
Finally, we remark that the abelianization of S n (k) is not finitely generated. More precisely, we have Corollary 3.2. For each n ≥ 3 and k ≥ 2,
Proof. This equation immediately follows from Lemma 3.1 and (5).
The Johnson filtration of IS n
In this section, we show that the Johnson filtaration S n (1) ⊃ S n (2) ⊃ · · · coincides with the lower central series of IS n .
For
Furthermore, from the elimination theorem of free Lie algebras, we see that
(See Proposition 10 in [3] .) Then we show our main theorem. (7), we obtain y = 0 ∈ L F (l). Hence y ∈ Γ F (l + 1). This is a contradiction. Therefore we obtain y ∈ Γ F (k) and x ∈ Γ F (k + 1). This shows that σ ∈ S n (k) by the remark after Lemma 3. 
